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Abstract. We explicitly describe cohomology of the sheaf of differential forms 
with poles along a semiample divisor on a complete simplicial toric variety. As 
an application, we obtain a new vanishing theorem which is an analogue of the 
Bott-Steenbrink-Danilov vanishing theorem. 



0. Introduction. 

Phillip Griffiths in [G] calculated the cohomology of smooth hypersurfaces in 
a projective space. His method used the Gysin exact sequence, and the problem 
was reduced to finding the cohomology of the complement of the hypersurface in 
its ambient space. The latter cohomology was easily found due to the vanishing 
theorem of R. Bott in [Bot]: 

H k (P m , n l pm (X)) = for an ample divisor A and k > 0. 

This theorem was extended to an ample divisor on a complete toric variety (see 
[BFLM] , [D] and [BC]). 

As in the case of projective hypersurfaces, in order to compute the cohomology 
of X quasismooth hypersurfaces in complete simplicial toric varieties Ps , one needs 
to know the cohomology of the twisted sheaves 

H k (p^n l Ps (x)). 

An important case to consider is when the divisor X is semiample. For toric varieties 
this means that the corresponding line bundle is generated by global sections. The 
Bott vanishing theorem does not hold for semiample divisors. However, in this 
paper we explicitly calculated the cohomology of the twisted sheaves ftp (X) and, 
in particular, we discovered a new vanishing theorem for semiample divisors: 

H k (Ps,Cl l Fs (X)) = if k > I or I > k + i, (1) 

where i is the Kodaira-Iitaka dimension of the divisor X. When the divisor X is 
trivial this reduces to the well-known Danilov's vanishing result for the cohomology 
of a complete simplicial toric variety: 

i? fc (P s ,^J = forfc^L 

Moreover, for k = I, we recover Danilov-Jurkevich's description of the cohomology 
of a complete simplicial toric variety. 

The plan of the paper is as follows. In section 1, we compute cohomology of 
Ishida's complexes that are necessary in studying cohomology of sheaves f2p s (A). 
Then, in section 2, we calculated H k (Pz, ftp (X)) for a semiample divisor A on a 
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complete simplicial toric variety Ps- As a consequence of this result, we obtain the 
vanishing theorem (1). We also find a dimension formula for this cohomology and 
explicitly represent the generators of cohomology i/ fc (Ps, (X)) in terms of the 
Cech cocycles. 

Acknowledgment. We would like to thank Evgeny Materov for his interest and 
for pointing out a useful reference [Is] of M. Ishida that helped in calculations. We 
are also grateful to David Cox for correcting some of the references. 

1. Cohomology of Ishida's complexes. 

Ishida's complexes have appeared as a result of studying sheaves of differential 
forms on toric varieties. In this section, we will compute the cohomology of Ishida's 
complexes of modules. 

First, we fix some standard notation: M is a lattice of rank d; N = Hom(M, Z) 
is the dual lattice; £ is a finite rational (usually simplicial) fan in the R-scalar 
extension ]Vr; S(fc) is the set of all fc-dimensional cones in S; e\,...,e n are the 
minimal integral (primitive) generators of the 1-dimensional cones pi , . . . , p n £ 
E(l). 

Definition 1.1. [Of] Let X be a fan in TVr and I = 0, . . . , d. Then Ishida's l-th 
complex of Q-modules is denoted C*(S, I), where 

c*-(e,o= A*"V 

(for simplicity, 7 1 - := Mq l~l 7 ) and the coboundary homomorphism 5 is defined 
as the direct sum of <5 7 , r : A V -» A t\ which are zero maps if 7 is not 
a facet of r, while for 7 -< r, set <5 7;T (u;) = e 7iT _iw;, where e 7iT G Nq satisfies 
t + (-7) = K> e 7iT +M7. 

Remark 1.2. Compared to the definition of Ishida's complex in [01, Section 3.2], 
our definition allows the maps 5 ltT to be defined up to a rational multiple. 

Ishida's complexes are also defined for star closed and star open subsets of a fan. 

Definition 1.3. A subset $ of a fan £ is called star closed (star open), if a £ <f> 
and u-ireS imply t £ $ (correspondingly, t <E $ and a -< r imply d G <f>). For 
such subsets, Ishida's l-th complex of $ is defined as 

7 e*ns(j) 

with the coboundary homomorphism <5 as the sum of (5 7iT for 7, t G <&. 

Example 1.4. Given a fan S and a cone 7 G S, then the set 

Star 7 (S) := {r G S|t >- 7} 

is star closed in E. One can construct a fan Star 7 (E), called the star of 7, which 
consists of the images of the cones from Star 7 (E) in the quotient space N^/(Nj)]g L 
with the corresponding quotient lattice. Note, then, that l-th Ishida's complex 
C*(Star 7 (S), I) for the subset Star 7 (S) is isomorphic (up to a shift) to Ishida's 
complex C*~ dlm7 (Star 7 (£), I — dim 7). The differential on the latter complex is 
induced from the first one. 
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As in [Is, Proposition 1.8], we note the following statement. 

Proposition 1.5. Let £' be a star closed subset of a fan E, equivalently £" = £\£' 
be star open in E. Then there is a short exact sequence of Ishida's complexes 

-» C*(£', J) -» C* (£, o -► C*(£", o -► 0, 

which gives a long exact sequence in cohomology: 

-» ff°(E', -> tf°(£, /) -» ff°(E", /) -► fr^E', -» ^(E, -» ff^S", Z) • • • . 

Proof. Note that if S' is star closed in E and E" is star open in E, then C J (E', Z) and 
C J (E",Z) are Q-submodules that decompose C-?(E,Z). Moreover, the differential 
<5 for C*(E ', Z) is the same as C*(E,Z), making it into a subcomplex. Similarly, 
there is a natural projection from C*(E,Z) onto C*(E",Z) compatible with the 
differentials. □ 

We are interested to find cohomology of the Ishida complex in the case when the 
fan is a simplicial subdivision of a convex cone. First, consider the simplest case, 
when the fan consists of faces of a simplicial cone. 

Lemma 1.6. Let r be a simplicial cone in TVr. Then the higher dimensional 
cohomology of the complex 

dimp— 1 dim 7 — k 

pCr 7CT 

where the differential 5 is defined as in Defintion 1.1, vanishes and the zeroth co- 
homology of it is A' r± - 

Proof. Since the Koszul complex 

3 



/\M Q ^/\M Q ^M Q ^Q->0, 



where e p is a Q-generator of the 1-dimensional cone p, is known to be acyclic (see 
[D, Appendix 2]), we get that the zeroth cohomology of our complex is equal to 

pCr 

We use the induction on the dimension of the cone r to prove the acyclicity of 
the complex. The statement holds for dimr = 1, because the map 

where e T is the minimal integral generator of r, is surjective. 

For dimr > 1, write r = r' + p' where r' and p' are the facet and the edge of r, 
respectively. Let E be the fan consisting of faces of r, and E" be the fan consisting 
of faces of t', then E' = E \ E" = Star p /(E). So, by Proposition 1.5, we get a long 
exact sequence in cohomology: 

► iJ fe (Sta V (E), Z) -► ff fc (£, Z) H k (Y,", !)-►■•■. 

Note that if fc (E", I) vanishes for k > by the induction assumption. On the other 
hand, 

ff fe (Sta V (£),/) Sfffc-^SteiytE),/- 1). 
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Since Star p < (E) is a fan consisting of the faces of the simplicial cone f , which is the 
image of t in the quotient space Nm./{N p i)m., the latter cohomology group vanishes 
for k > 1, again, by the induction. Hence, the middle term H k (T,, I) — for k > 1 
as well. To show that it also vanishes for k — 1 , consider the first terms of the exact 
sequence: 

-» if °(Stav (£),/) -> if°(E,Z) -» fJ°(£",Z) -> H 1 (Starp/(S),i) -> #*(£,£) -» 0. 
Note that ff°(Star p /(£), Z) = 0, since there is no zeroth term in the corresponding 
complex. We already showed ff°(E,Z) A* T± and H°(E",l) = A' t,± - Also > 
fl" 1 (Starpi(S),i) S< fl°(Star // (S),Z - 1) = A' -1 ^. To show that if°(E",Z) -» 
_ff 1 (Star p /(S), Z) is onto, which will give the desired result, it suffices to show that 

dim#°(£,Z) -dimff°(£",Z) + dimfl" 1 (Star p -(E),Z) = 0. 



But the dimensions are the binomial coefficients 



cZ — dim t\ (d — dim r + f 

z r \ i 



and ^ j , which satisfy the well know combinatorial identity. □ 

The next definition is motivated by the Chow ring of a complete simplicial toric 
variety (see [D]). 

Definition 1.7. Let £ be a fan in ZVr with the integral generators of the 1- 
dimcnsional cones ei, . . . , e n . Then define the Chow ring of E as 

A(£) := Q[A, . . . , D„]/(P(S) + SJi(E)), 

where 

P(£) = (jr(m,ei)Di : m G M 
and 

Si2(E) - (Ai ' ' ' A fe : K, . . . , e ifc } £ a for all a G E). 
Note that A(E)» is a Z-graded algebra assuming deg A = 1- 

Theorem 1.8. Let E T be a simplicial subdivision of a convex cone t in TVr. Then 
cohomology of the corresponding l-th Ishida complex is 

if fe (£ T ,Z) ^A(£ r ) fe ®/\'~V. 

Proof. First, note that the fc-th degree of the Chow ring A(T, T ) is spanned by 
A :== n ei e7 f° r 7 e ^r(fc), because of the relations P(E T ) and 5i?(E r ). Also, 
the relations among A are 

X! ( m : e 7',7)A> ( 2 ) 

7^7' 
dim7— dim 7 +1 

for all 7' G E T (fc — 1), where m G M n 7' and e 7 / i7 G A is a primitive generator 
of 7, but not of 7'. There is a natural homomorphism from A(E r )fc ® A ~ to 
the cohomology /A(£ T , Z), which sends X) 7 es T (fc) A ® a 7> f° r a 7 e A ~ r_L ' to 

©a 7 G ker(C fc (£ T ,Z) -» C fc+1 (E r ,Z)). 
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With this map the relations among D 1 map to im(C fc 1 (T, T ,l) — > C fc (E T ,Z)), so 
that the homomorphism A(Y, T )k <8> /\ l ~ k T ± — ► H k (H Tl l) is well defined. We will 
prove by induction that this homomorphism is an isomorphism in a slightly more 
general situation: all maximal cones in the fan E T lie in r, have the same dimension 
equal to diniT, and the support of the fan is topologically equivalent to a convex 
cone. 

Suppose we are given a simplicial subdivision of r. Pick a cone of the dimension 
equal to dimr from this subdivision. Then for E* consisting of the faces of this 
cone, the statement easily follows from Lemma 1.6. Let us construct inductively, 
the following sequence of subfans Y,\ of the subdivision of r. If E^T 1 is constructed, 
then Y,\ is obtained by adding to E^T 1 a new (dim r)-dimensional cone from the 
subdivision, which is adjacent along a facet to a cone from E* , and, also, by 
adding all cones of the subdivision that have their edges among those of EijT 1 and 
the new edge p of the new cone. So, the fan Y,\ has one more 1-dimensional cone, 
than the fan E^T 1 does. It is clear that by doing this we get that the simplicial 
subdivision of t coincides with T, l T for some i. 

Now, note that T, Z T is a disjoint union of the star open subset EijT 1 and the star 
closed subset Star p (E^.). So, by Proposition 1.5 we have a long exact sequence: 

> tf fe (Star p (E;), I) H k &, I) -» ff fe (£;-\ o 

By induction, we can assume that A(T, , 7 r 1 )k^) /\ l t 1 - = H k (T, l T ~ 1 , I). We also have 
# fe (Star p (E;),Z) ^i7 fe -HSter p (EJ.),/-l) = A(S^x p (J^ T )) k -i®/\!~ k f ± , where the 
induction is applied to the fan Star p (E^.) lying in the image f of the cone r in the 
quotient space (N/N p )^. Using the description of A(T, Z T ) in terms of Z? 7 , one can 
easily show that there is a natural exact sequence: 

- i4(Steip(E!i.))fc_i -» i4(E*) fc -» ^(E^^fe - 0. 

Hence, we get a commutative diagram with exact rows and with the right- and 
left-hand vertical maps being isomorphisms: 

— > A(Sterp(E*)) fc _i®V — » A(Et) fe OF — ► ^(E^ 1 )^ ® F — » 



— ► ff fc (Star p (E^),0 — ► fl" fc (E*,0 — » H k (^-\l) — ► 0, 

where V = /\ l ~ k ? ± = /\ l ~ k r ± . By the 5-lemma (see [E]), the middle vertical map 
is also isomorphism. □ 

Corollary 1.9. Le£ E T &e a simplicial subdivision of a convex cone r in Nr. Then 

dimF*(E T ,o= ( d 7^ T ) •E( d t:; j )(-i) fe --^ T( i)- 

Proof. First, we guess the formula based on the answer for complete simplicial fans 
(see [02, Corollary 4.2]). Then check that it also holds for a fan E T consisting of 
faces of a simplicial cone r and prove it by the induction using the exact sequence 
from the proof of the above theorem. □ 

Remark 1.10. One can consider Ishida's complexes of Z-modules. However, for a 
fan with singular cones, the corresponding cohomology of Ishida's complexes may 
have torsion. 
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2. COHOMOLOGY OF RATIONAL FORMS AND A VANISHING THEOREM. 

Our goal in this section is to compute the cohomology 7f fc (Ps, fi Ps (X)) for all 
k, I and a semiample divisor X on a complete simplicial toric variety P^. While 
not all of these spaces vanish for k > as it was in the case of an ample divisor, 
we discover that some of them do vanish. The result for a trivial divisor gives the 
well-known description of the cohomology of a complete simplicial toric variety. 

Before we can state our results, let us review some futhcr notation. Let Ps be a 
ci-dimensional complete toric variety associated with the fan E in TVr. We denote by 
T(j a torus corresponding to the cone a e E and by V(a) the closure of T a in P^. 
Also, Di,..., D n are the torus invariant irreducible divisors in Ps, corresponding 
to the primitive generators ei, . . . , e„ of the 1-dimensional cones. The polynomial 
ring S = «5(Pe) = C[xi, . . . , x n ] is called the homogeneous coordinate ring of the 
toric variety P^. A torus invariant Weil divisor D = J27=i a i^i on tnc complete 
toric variety gives rise to a convex polytope 

A D = {to e M R : (to, a) > —at for all i} C Mr. 

There is also a support function ipo ■ N-r — > R which is linear on each cone cr e E 
and ipD(e-i) = {m<j,^i) = — a i f° r all e t G <r and some m CT G M. 

We will work with semiample divisors which are conveniently classified by the 
following definition. 

Definition 2.1. [M3] A semiample Cartier divisor D (i.e., Op s (D) is generated by 
global sections) on a complete toric variety Ps is called i-semiample if the Kodaira- 
Iitaka dimension k(D) := dim^Ps) = i, where cj> D : P s -> P(i?°(P s , C Pe (£>))) 
is the rational map defined by the sections of the line bundle Op s (D). 

These divisors satisfy the property: 

Theorem 2.2. [M3] Let [D] e ^.d-i(Ps) ^ e a ?i i-semiample divisor class on a 
complete toric variety P^ of dimension d. Then, there exists a unique complete 
toric variety P^ D with a surjective morphism tt : Pj] — ► Ps D , arising from a 
surjective homomorphism of lattices jt : N — ► Njj which maps the fan E into T,o, 
such that tt*[Y] = [D] for some ample divisor Y on Ps D . Moreover, dimPs^ = %, 
and, for a torus invariant D, the fan T,o in (-/Vd)r :— N^/N^, where N' = {v G 
N : iPd(-v) = —ipn{v)} is a sublattice of N and ipu is the support function of D, 
is the normal fan of A D , which lies in (M D ) R , where M D := N' (1 M . 

To perform the calculations of the cohomology of the twisted sheaves we need to 
use Ishida's complex of sheaves which is a resolution of £!p E (see [01, Section 3.2]). 
Let us recall its construction. Define 

2& := ^7 (7) (logi?(7)), 
7es(fc) 

for < k < I, where D("f) :— J2y VW) I s t ne anticanonical divisor on V("f), and 
set Ip^, := for k < or k > I. Then, there are natural morphisms 

T k,l S T k+l,l 
X P S X Pe ' 

induced by the Poincare residue maps 

iV, 7 : 0^ ( fe 7) (logi)(7)) -> tfyfcfQogDtf)) 
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for the component V(Y) of the divisor D(j) on V(-j), if 7 G S(fc) is a face of 
7' G E(& + 1). If 7 G E(/c) is not a face of 7' G T,(k + 1), then the corresponding 
map ity', 7 = 0. 

By [01, Theorem 3.6], the following sequence is exact 

u > sip E > x Ps > x Ps > > x Ps » u, 

since Ps is simplicial. Twisting this sequence by Op s (X) gives another exact 
sequence 

-> Ps (X) -> 4< (X) A T p '< (X) i ••• -*» 44 (X) -> 0, (3) 

which is a resolution of the twisted sheaf. Here, Jp^(X) := Ip^ Op s (X). We 
will now use this resolution to compute the cohomology of the twisted sheaves. 

Theorem 2.3. Let (3 = [X] G A2-i(Ps) be a semiample divisor class on a complete 
simplicial toric variety Ps 7 and let ir : P E — * Ps x be the associated canonical 
contraction. Then 

H k (P^n l Ps (x)) = (s/{ Xj : ^Ic^^^j^lsi^A'^iMxn, 1 ), 

where fa = degfllJU Xj), /3f = deg(n #((9 . )CCT xj), and 

A" (E) := Q[Di, . . . , D„]/(P(S) + Si2(S) + (Dj : n(pj) t <?)) 
is defined similar to Definition 1.7. 
Proof. Since 

^(logDfr)) ~ O vh) ® A'~V n ^) W 

(see [01, Corollary 3.2]), the sheaf Zp£ (X) is a direct sum of the semiample sheaves 
Ov(-y){X). By the vanishing of the higher dimensional cohomology of a semiample 
sheaf (see [D, Corollary 7.3]), it follows that the resolution (3) is acyclic, whence 
the cohomology of the twisted sheaf Q Ps (X) can be computed as the cohomology 
of the complex of global sections (see [I, Proposition 4.3]): 

-> ff o (p E ,ip^po) A i/°(p E ,4<< po) a ... a ^°(p E ,4 s (x)) - 0. 

By the identifications (4) and the isomorphisms (see [C]) 

H°(V( 7 ),O v{l) (X)) £* S(V( 7 ))^, 

where er G E x is the smallest cone containing the image of 7, this complex can be 
rewritten as 

o->^®a' m ^ so^v^A^V^)^ 

pes(i) 

• - S(V( 7 )) ,®f\~ k (Mn^)±..-± W7))^-0, (5) 
7 es(fe) 7£ E(0 

where the map 5 sends 5 ® w G S^V^))/^ <S> /\ l ~ k (M n 7 X ), for 7 G E(fc), to the 
direct sum of ®(u;je 7 / ;7 ) G S(V'(7 / )) / ?V®A' _fe_1 ( Mn 7'~ L )> for 7 C 7' G E(fc+1), 
such that <jy is the image of 5 induced by the restriction H°(V(j), Ovm(X)) — > 
H°(V(j') 7 Ov(-y'){Xj) 7 and e 7 ' j7 is the minimal integral generator of the cone p G 
E(l) contained in 7' but not in 7. 
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Next, notice that the monomials in Sp naturally correspond to the lattice points 
of the polytope Ax, by [C]. With respect to this identification, the monomials in 

S(V( 7 ))p, - (S/( Xj : ft{ Pj ) C a)) fj 

(sec [M3]) are the lattice points in the face of Ax corresponding to the minimal cone 
a G Sx containing the image of 7. The natural grading of S(V(j))pt , for 7 G S, 
by the lattice points of Ax induces a grading on the sequence (5), and it is not 
difficult to see that the maps S in (5) respect this grading. A monomial in Sp can be 
uniquely written as IItt^^o- x j times a monomial in (5/ (xj : n(pj) C cr}) g_g o+ g„ , 
where a G Ex corresponds to the minimal face of Ax containing the lattice point 
associated to the monomial. From here, it follows that the A:-th cohomology of (5) 
is isomorphic to the direct sum, by a G Sx , of the tensor products of the complex 
spaces (S/{xj : Tt(pj) C v)) p_p 0+ p& an d the fc-th cohomology of the complex 

pes(i) yes(k) 

S(p)Ccr jf(7)Ccr 

Recognize that this is the Ishida complex of Z-modules for a simplicial subdivision 
of the convex cone Tr~ l (cr) induced by the fan S. Since we tensor the cohomol- 
ogy groups of this complex with complex spaces, we can discard torsion and use 
Theorem 1.8. After noting M n {fr^ 1 (a)) 1 - = MxHc 1 the result easily follows. □ 

As a consequence of the above theorem, we get the following vanishing re- 
sult, which is an analogue of the Bott-Stecnbrink-Danilov vanishing theorem (see 
[BFLM]). 

Theorem 2.4. Let X be an i-semiample divisor on a complete simplicial toric 
variety Pe- Then 

H k (Px,n l P jX)) = Q 

if k > I or I > k + i. 

Proof. If k > I, then f\ k (Mx H cr- 1 ) = in Theorem 2.3. One can also obtain 
H k (P-£, f2p E (X)) = in this case directly from the complex of global sections 
of sheaves arising from the exact sequence (3), since that complex does not have 
nonzero terms after I. 

HI > k + i then I — k > i, while the rank of Mx H cr 1 - is no more than i. So, 
f\ l k (Mx H o" L ) vanishes again for all a G Sx • O 

Remark 2.5. When A is a trivial divisor (i.e., i = 0), this theorem gives the 
vanishing part of the cohomology of the complete simplicial toric variety P^: 
iJ fe (P s ,^J = for k + I. Moreover, by Theorem 2.3, we get iJ fc (P s , = 
C®^4(S)fc, which is the Danilov-Jurkevich description of the cohomology of a com- 
plete simplicial toric variety with coefficients in C (see [D] ) . We should also remark 
that Theorem 2.4 can not be extended to arbitrary complete toric varieties, be- 
cause in the case when X is trivial we get H k (Pz, fip ), which may be nontrivial 
for k < I (see [ADu]). However, for k > I and a complete toric variety Ps, coho- 
mology H k (P^ 7 Hp ) — by [D]. It will be interesting to see if the vanishing result 
of Theorem 2.4 holds for complete toric varieties when k > I. 

We can also deduce a generalization of the Kodaira vanishing theorem for toric 
varieties, which was proved by a different method in [Mu] and [BBo] (see also [CDi]). 
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Theorem 2.6. Let X be an i-semiample divisor on a d- dimensional complete sim- 
plicial toric variety Ps. Then i/ fe (Ps, (X)) = for k ^ d — i. 

Proof. IfZ = din Theorem 2.3, then f\ l ~ k (M x D a^) ^ for d - k < i - dime. 
For such a, we have dim7r _1 (cr) = dimcr + d — i < k. By the relations in A a (Y,)k, 
it is clear that this Q-module vanishes for dim7r -1 (cr) < k. Let us show that 
in the case of dim7r _1 (cr) = k, we also have A a (T,)k = 0. Indeed, the maximal 
cones 7 of dimension k that subdivide the convex cone dim7r _1 (cr) correspond to 
the generators _D 7 of A a (T,)k- By the relations (2) that come from facets of the 
maximal cones, all D 7 are multiples of each other. Moreover, they are all zero, if 
a ^ {0}, since we also have the relation coming from the facet of a maximal cone, 
which lies on the boundary of 7r _1 (<7). But a ^ {0} because dim7r _1 (cr) = k ^ d — i 
while dim 7r _1 ({0}) = d- i. □ 

Corollary 2.7. Let X be an i-semiample torus invariant divisor on a d-dimensional 
complete simplicial toric variety Ps as in Theorem 2.3. Then 

dim^(p E ,^ s( x))= £ r ( r)(f m ^^ 

where the sum is by faces of the polytope Ax , cr £ corresponds to T , E CTr = 
{t e T,\w(t) C or} is a subfan of E, and l*(T) denotes the number of interior 
lattice points inside V. 

Proof. Cones a of Ex correspond to the faces T of the polytope Ax and monomials 
in (S/{xj : n(pj) C o~)) ^_^ + ^ correspond to monomials in Sp that are divisible 

^ n#(p-)(2(7 x j an d not divisible by Xj for n(pj) C a. Such monomials are in 
one-to-one correspondence with the interior lattice points of T. Next, note that 
A lT (S) ~ where E^-i^) is the simplicial subdivision of 7r _1 (cr) induced 

by S. Since M x Hu^Mn n' 1 ^)- 1 , Corollary 1.9 and Theorem 2.3 give us the 
formula. □ 

Example 2.8. E. Materov in [Ma] calculated the Bott formula for ample divisors 
on complete simplicial toric varieties. Let X be ample on Ps, then X is d-semiample 
and Ex = E consists of simplicial cones. For k = in Corollary 2.7, we get 

dhnff (P E ,Q^PO)= J2 r (H 
For k > 0, the combinatorial identity 

g (")=»• 

which follows from 

W™W-tr-' = (t+i-tr = i 

j=o \ 7 ' 



dimT 
I 



implies dimi? fc (P E ,^ s (X)) = 0. 
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If X is trivial on P E , then T,x and Ax are just points. We get 

k=i 



dim H k (P E , ) = < ^ 3=0 V fc - i, 

I 0, fc^Z. 

These are the formulas in Theorems 2.14 and 3.6 in [Ma]. 

The next thing we will do is to describe 7J fc (P E , f2p B (X)) via Cech cohomology. 
The toric variety Ps has an afiine open cover U = {U T }, where 

C/ T = {xeP s | n x ^°} 

and r G S(<i) have the maximal dimension. This cover induces an affinc open cover 
on all subvarieties ^(7) C Ps as well. Using the notation in [BC], let m G M 
correspond to the differential form X)"=i( TO ' e i)^ i - 

Proposition 2.9. Let X be a semiample divisor on a complete simplicial toric vari- 
ety Ps defined by f = for f G Sp. Then, under the isomorphism of Theorem 2.3 
and the natural isomorphism H k (U,il Ps (X)) = A/ fe (P E , fl l Ps (X)), we have that 
A ® Ai • • • D ik <g> uj, where A G Sp-fo+p* , 7 = (e ix , . . . , e ik ) G £, 7r(7) C a € T, x 
and lu G /\~ (M x (~1 c^), correspond to the Cech cocycle 

with m\ = if ei ^ t, and, for e, G r, m^. is determined by (m l T ,ei) = 1 and 
(mi,ej) = /or ej G r, j ^ z. 

Proof. We have the resolution (3) of the sheaf of rational forms f2 p (X). When 
dealing with an acyclic resolution of sheaves, one can apply the following standard 

trick. Introduce auxiliary sheaves JCj as kernels of the morphisms Tp^(X) —> 

l P ^}' l (X). Then, by the exactness of (3), we get short exact sequences of sheaves 

which give rise to the long exact sequences in cohomology: 
• ■ ■ - H k -\V^1^{X)) - H k -i{VvXi) - 

H fc -^' +1 (P E ,^_i) - F fe ^ +1 (P E ,Xpt(^)) - • • • ■ 

Since higher dimensional cohomology of 2p'^ (X) vanishes, the connecting homo- 
morphisms are isomorphisms for k — j > and epimorphisms for fc — j = 0. Thus, 
we get isomorphisms: 

tf°(P E ,/C fc )/mitf (P E , T%^' l {X)) = H^PE./Cfc-i) = 1? 2 (P E ,/C fe _ 2 ) S • • • 

-^-^Ps^O-Af^Ps^pjX)). 

Now, ^(Il-ir(ei)^(T x i) UJ l f m a global section of Cly^JlogD^)), which is a sub- 
sheaf of l p ' s (X). Moreover, one can easily check that its restriction by the homo- 
morphism 

r k,l / y ii (5 rrOz-n -y-fc+l.i 



ff°(P E , Xp'^(X)) A if°(P E , l*l hl (X)) 
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vanishes, whence A([\-^ e .^ a Xi)co / f E i?°(Ps, fCk)- In Ccch cohomology this sec- 
tion is represented by the cocyclc 



{a( 11 s^w//} eH°(U\ vh) ,n l v ^(logD 



(7)))- (6) 



fr(ei)^<T 



To find its image by the connecting homomorphism H°(Ps, tCk) — > ff°(Ps, ICk-i), 
we can use the commutative diagram: 

o - c^uXk-i) -> c 1 (w,2*; 1>, (x)) - c^w./Cfc) -> o 



— C°{U,K k -i) -> C°(W,2*; 1>l pO) — C\U,Kk) -> o. 

The homomorphism C°(U,I P ~ 1 ' (X)) — > C°(U,K.k) is induced by the Poincare 
residue maps 

fl 7 ,y : C ^^^),^"^ 1 (log 25(7')) - C (W| v(7) ,O'-( fe 7) (log^(7)), 

where 7' is a facet of 7 G E(fc). The cocycle (6) has a lift by this homomorphism 
to the cochain 

[] ^' A 4 eC (W|v(7),^- (7 + ) 1 (log£>( 7 ')), 

where 7' = (e^, . . . , ei k _ 1 ) € S(fc — 1), which can also be thought as the cochain 
in C°(U,I-p~^' {X)). Applying the Cech coboundary to this cochain, we get the 
cocycle 



{4 n ^k-<)aw 



ir(ej)^o- 



Repeating the above procedure and using the commutative diagrams 

_> C k -i +1 {U,K,j-i) -» C fe -J' +1 (W,J^," 1 ' i (X)) -» C k -i +1 {U,K,k) -» 



-» C k ^{U,K,j-i) -» C k -i(U,l J p - hl (X)) -» C k -1(U,Kj) -> 0, 

one can check that the image of the cocycle (6) by the sequence of homomorphisms 
H k ~ j {V-zXj) -> ^-^(Ps^j-i) is precisely the cocycle 

J] «i(<-<)A(<-m^)A".A(<-<jA W } 



7r(ei ) ^(T 



T ...Tfc 



from/f fe (W,^ E (X)). □ 

Example 2.10. Let us apply Proposition 2.9 in the case when Pe is the projective 
space P n , and X is a trivial divisor. If 07, . . . , are the homogeneous coordinates 
on P™, then the open cover U is given by the open sets U T — {x S P™| 7^ 0}, 
where r = (ei, . . . , e}, . . . , e n+1 ), and m l T — ^ — Hence, the following cocycles 
represent H k {P n ,fl k n ) = C: 

darjj dx J() ^ / dx j2 ^ dx^ \ ^ ^ ( dxj k dxj kl 



x jk x j k -i / ) j ...j k 
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